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Abstract
A particle that moves along a smooth track in a vertical plane is influenced
by two forces: gravity and normal force. The force experienced by roller
coaster riders is the normal force, so a natural question to ask is: what shape
of the track gives a normal force of constant magnitude? Here we solve this
problem. It turns out that the solution is related to the Kepler problem; the
trajectories in velocity space are conic sections.
1 Introduction
Motion along curved trajectories is always associated with a normal force which
according to kinematics is given by,
Fn = m
v2
ρ
, (1)
where v is the speed and ρ the radius of curvature of the track. If the only physical
force is the constraint (or reaction) force from the track, constant normal force
simply requires v ∝ √ρ.
In most cases, however, the problem of interest involves a conservative force,
usually gravity, and a normal (constraint) force. In these cases the problem is
conservative since the normal force does not do work, by definition. One applica-
tion is to roller coasters and these have recently been discussed in the pedagogical
literature, see Pendrill [1] and Mu¨ller [2]. In simple mechanical problems given to
students the shape of the track is often taken to be circular but in practice this leads
to unpleasantly large time variation of the normal force. In practice therefore more
complicated shapes are used, in particular the clothoid since the curvature (1/ρ) of
this curve varies linearly with arc length [2, 3]. Students that wish to understand
the physics behind amusement park experiences in greater detail must therefore be
prepared to study curves more advanced than the circle.
Here we will derive the shape of the tracks that produce a constant normal
force. Pendrill [1] formulates the problem but does not solve it. Auelmann [4]
has studied the effect of adding a normal force of constant magnitude to the central
gravitational force of the Kepler problem. He showed that this problem is integrable
and derived some general results. Adding a normal force in space requires the firing
of rockets perpendicular to the velocity. The much more natural problem of a
constant gravitational force, a good approximation in amusement parks, with the
normal force coming from a smooth track, also turns out to be integrable, as we
will show in this article.
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2 The problem and its conserved quantities
Gonza´lez-Villaneuva et al. [5] found that the trajectories of the Kepler problem are
arcs of circles in velocity space. As it turns out the trajectories of our problem are
circles in acceleration space. Integrating once we thus find that the trajectories in
velocity space correspond to the conic section solutions of the Kepler problem. The
shape of the tracks that lead to a normal force of constant magnitude N are then
obtained by one further integration.
We write the equation of motion,
mv˙ = −mg eˆy +N eˆθ, (2)
where eˆθ = − sin θ eˆx + cos θ eˆy, and θ is the angle between the velocity vector and
the x-axis. We use polar coordinates in velocity space and put v = x˙ eˆx + y˙ eˆy =√
x˙2 + y˙2(cos θ eˆx + sin θ eˆy) = r eˆr. Clearly the vector eˆθ is perpendicular to the
velocity r eˆr and thus normal to the trajectory.
We note that (2) means that the tip of mv˙ is on a circle of radius N centered
on the tip of the gravitational force vector −mg eˆy. The two Cartesian components
of this vector equation are,
mx¨ = −Ny˙/
√
x˙2 + y˙2, my¨ = −mg +Nx˙/
√
x˙2 + y˙2. (3)
We introduce the following dimensionless variables,
x← g
v2
0
x, y ← g
v2
0
y, dt← g
v0
dt, vx ← x˙
v0
, vy ← y˙
v0
, (4)
and put,
λ = N/mg. (5)
Using this the equations of motion are,
v˙x = −λvy/
√
v2x + v
2
y, v˙y = −1 + λvx/
√
v2x + v
2
y. (6)
We denote the dimensionless speed by r so that,
vx = r cos θ, vy = r sin θ. (7)
Transforming Eqs. (6) to velocity space polar coordinates r, θ gives,
r˙ = − sin θ, rθ˙ = λ− cos θ, (8)
which means that,
dr = − sin θ dt, r dθ = (λ− cos θ) dt (9)
Add the first of these multiplied with λ − cos θ to the second multiplied with sin θ
to get,
(λ− cos θ) dr + sin θ r dθ = 0 ⇒ d [r (λ− cos θ)] = 0. (10)
Using the second of the Eqs. (8) then shows that,
d [r (λ− cos θ)] = d(r2 θ˙) = 0. (11)
Evidently,
r (λ− cos θ) = r2θ˙ = L, (12)
is a conserved quantity (constant of the motion). One recognizes this as a quantity
that corresponds to conserved angular momentum (or sectorial velocity) in velocity
space.
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Obviously there is another conserved quantity for this problem: the energy
r2
2
+ y = E. (13)
Without loss of generality we can assume initial conditions such that E = 0. We
then have,
y = −r
2
2
. (14)
We thus have a two dimensional problem with two conserved quantities and this
means that we have an integrable problem.
3 Velocity space trajectories
From Eq. (12) we find that,
r =
L/λ
1− (1/λ) cos θ , (15)
r and θ being polar coordinates for the velocity vector. This is easily recognized
as the expression for a conic section (see e.g. Goldstein [6]) where 1/λ corresponds
to the eccentricity, and where the origin corresponds to one of the foci. We have
arrived at the conclusion that the velocity space trajectory, the hodograph, of a
constant normal force trajectory is a conic section, i.e. an ellipse, a parabola, or a
hyperbola.
We note that, only in the elliptic case, when the eccentricity 1/λ < 1 will the
speed, r = s˙, be finite for all angles. For λ = 1, the parabolic case, the speed goes to
infinity for cos θ → 1. When λ < 1 the speed goes to infinity along the asymptotes
θ → ± arccosλ.
4 Integrating the problem
Since this two dimensional problem has two constants of the motion it is fully
integrable. Here we use this to calculate the trajectories for the various cases that
arise. We chose initial conditions so that, at time t = 0, we have, r0 = 1, and
x0 = 0. According to (14) we then also have y0 = −r20/2 = −1/2.
4.1 The trivial straight line case
The simplest case is the trivial case of L = 0, or λ− cos θ0 = 0. From (12) we then
have that θ˙ = 0 so θ is constant = θ0. Then r˙ = − sin θ0 and we have,
θ = θ0, r = 1− sin θ0t. (16)
Using that r = s˙, where s is arc length, we find,
s(t) = t−sin θ0 t
2
2
, x(t) = cos θ0
(
t− sin θ0 t
2
2
)
, y(t) = − (1− sin θ0 t)
2
2
. (17)
The second of these follow from time integration of vx = x˙ = r cos θ0, and the
second from (14). These results can also be written,
x(s) = cos θ0 s, y(s) = −1/2 + sin θ0 s, y(x) = tan θ0 x− 1/2, (18)
so we are dealing with a straight line of slope tan θ0 =
√
1− λ2/λ.
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4.2 The non-trivial cases
If L = λ− cos θ0 6= 0, then
r =
λ− cos θ0
λ− cos θ , (19)
according to Eq. (12). Using this and the second of Eqs. (8) one finds that r dθ =
(λ− cos θ)dt and hence that,
dt =
λ− cos θ0
(λ− cos θ)2 dθ, ds =
(λ− cos θ0)2
(λ− cos θ)3 dθ, dx =
(λ− cos θ0)2 cos θ
(λ− cos θ)3 dθ. (20)
The second of these is obtained by noting that ds/dt = r, and the third follows
from dx/dt = r cos θ.
Finding the functions t(θ, λ), s(θ, λ), x(θ, λ) thus requires the following integrals
to be done:
t = (λ− cos θ0)
∫ θ
θ0
dθ′
(λ− cos θ′)2 (21)
s = (λ− cos θ0)2
∫ θ
θ0
dθ′
(λ− cos θ′)3 (22)
x = (λ − cos θ0)2
∫ θ
θ0
cos θ′dθ′
(λ − cos θ′)3 . (23)
A complete expression for the trajectory is obtained by noting that the function
y(θ, λ) is given by,
y = (λ − cos θ0)2 −1
2(λ− cos θ)2 , (24)
according to Eqs. (14) and (19).
When doing the integrals (21) - (23) it is convenient to distinguish the following
cases:
Case 1: λ > 1, −pi < θ < pi, θ0 = 0 (25)
Case 2: λ > 1, 0 < θ < 2pi, θ0 = pi (26)
Case 3: λ = 1, 0 < θ < 2pi, θ0 = pi (27)
Case 4: 0 ≤ λ < 1, − arccosλ < θ < arccosλ, θ0 = 0 (28)
Case 5: 0 ≤ λ < 1, arccosλ < θ < 2pi − arccosλ, θ0 = pi (29)
The explicit results are given in Appendix A.
4.3 The elliptic case
It turns out that the complicated expressions obtained by direct integration using
the variable θ become much simpler if one introduces a suitably chosen new inte-
gration variable. In the Kepler problem this new variable is called the eccentric
anomaly [6, 7].
For Case 1 we chose,
ψ = 2 arctan
(√
λ+ 1
λ− 1
sin θ
1 + cos θ
)
, (30)
so that, −pi < ψ < pi, is in the same range as θ. One then finds that e.g. dt, as
given in Eqs. (20), becomes,
dt = (λ− cos θ0) (λ − cosψ)
(λ2 − 1)3/2 dψ. (31)
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Figure 1: Plot of Case 1 trajectories for λ = N/mg = 2 (red curve with two loops)
and for λ = 4 (green curve with four loops). As in all our plots the x-axis is
horizontal and the y-axis vertically upwards.
Also the other integrals simplify considerably.
For Case 1 we then get the following explicit results for the trajectory as a
function of the parameter ψ,
t(ψ, λ) =
(λ− 1)
(λ2 − 1)3/2 (λψ + sinψ) , (32)
s(ψ, λ) =
(λ− 1)2
2(λ2 − 1)5/2
[
(2λ2 + 1)ψ + (4λ+ cosψ) sinψ
]
, (33)
x(ψ, λ) =
(λ− 1)2
2(λ2 − 1)5/2
{
3λψ +
[
2(λ2 + 1) + λ cosψ
]
sinψ
}
, (34)
y(ψ, λ) = − (λ− 1)
2
2(λ2 − 1)2 (λ+ cosψ)
2
, (35)
from Eqs. (21) - (24). One notes that one can allow ψ to take values from −∞ to
∞ here.
Two such curves are plotted in Fig. 1. One notes the limit λ → 1+ which cor-
responds to a straight horizontal line. For this case therefore x(ψ, 1+) = s(ψ, 1+).
In the limit λ→∞ the curve approaches a circle.
Let us get some explicit numbers out. Using the factors given in Eq. (4), v0
being the speed at the bottom of the loop, we now find that the time T that it
takes to traverse a complete period is given by,
T =
v0
g
[t(2pi, λ)− t(0, λ)] = v0
g
2λpi√
λ2 − 1(λ + 1) (36)
where the function t(ψ, λ) is given by Eq. (32) above. Similarly the total length L
of one period of the track is given by,
L =
v2
0
g
[s(2pi, λ)− s(0, λ)] = v
2
0
g
(2λ2 + 1)pi√
λ2 − 1(λ + 1)2 , (37)
the horizontal width W is,
W =
v20
g
[x(2pi, λ) − x(0, λ)] = v
2
0
g
3λpi√
λ2 − 1(λ+ 1)2 , (38)
and the vertical height H is,
H =
v2
0
g
[y(pi, λ) − y(0, λ)] = v
2
0
g
2λ
(λ+ 1)2
. (39)
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We also find from (19) that v(θ) = v0(λ− cos θ0)/(λ− cos θ), so the speed vpi at the
top of the loop (θ = pi) is given by,
vpi = v0
(λ− 1)
(λ+ 1)
. (40)
Let us take the speed at the bottom of the track to be v0 = 20m/s (this corresponds
to 72 km/h) and use g = 9.81m/s2. One then finds that, for λ = 2, i.e. normal force
N = 2mg, T = 4.93 s, L = 73.96m,W = 49.30m, H = 18.12m, and vpi = 6.67m/s.
For λ = 4 this becomes T = 2.65 s, L = 43.66m, W = 15.88m, H = 13.05m, and
vpi = 12.00m/s.
Finally we note that Case 2, the other elliptic case with λ > 1, simply gives
similar displaced trajectories compared to Case 1. For Case 2 the top of a loop will
be at, x = 0, y = −1/2, as in Figs. 2 and 4 below. We therefore proceed directly to
the remaining cases.
4.4 The other cases
For all the cases with λ ≤ 1 the trajectory in velocity space goes to infinity. These
tracks can therefore not constitute a real roller coaster with constant normal force
in themselves. However as parts of more complicated tracks, spliced together with
clothoids, they might be of interest.
For Case 3, the parabolic case, we have λ = 1 and θ0 = pi, so that (λ−cos θ0) = 2.
The variable that simplifies the integrations turns out to be,
ω = − sin θ
1− cos θ , (41)
with range −∞ < ω <∞. From Eqs. (21) - (24) one finds,
t(ω) =
1
3
(ω2 + 3)ω, (42)
s(ω) =
1
15
(3ω4 + 10ω2 + 15)ω, (43)
x(ω) =
1
5
(ω4 − 5)ω, (44)
y(ω) = −1
2
(ω2 + 1)2, (45)
for this track, in terms of the parameter ω. Fig. 2 shows the shape of this one-loop
track.
We now come to the two hyperbolic cases. For Case 4 we have λ < 1 and θ0 = 0
so (λ− cos θ0) = (λ− 1). Let,
χ = 2 arctanh
(√
1 + λ
1− λ
sin θ
1 + cos θ
)
, (46)
with range −∞ < χ <∞. Then,
t(χ, λ) =
(λ− 1)
(1− λ2)3/2 (λχ+ sinhχ) , (47)
s(χ, λ) = − (λ− 1)
2
2(1− λ2)5/2
[
(2λ2 + 1)χ+ (4λ+ coshχ) sinhχ
]
, (48)
x(χ, λ) = − (λ− 1)
2
2(1− λ2)5/2
{
3λχ+
[
2(λ2 + 1) + λ coshχ
]
sinhχ
}
, (49)
y(χ, λ) = − (λ − 1)
2
2(1− λ2)2 (λ+ coshχ)
2
. (50)
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Figure 2: Plot of the unique Case 3 trajectory with normal force equal to gravity
(λ = 1).
The shape of some of these tracks are shown in Fig. 3. One notes that in the limiting
case of λ→ 0 this trajectory becomes,
t(χ) = − sinhχ, s(χ) = −(1/2)(coshχ sinhχ+ χ), (51)
x(χ) = − sinhχ, y(χ) = −(1/2) cosh2 χ, (52)
the parabola that is the ballistic trajectory of free fall.
One may also note that the limit λ→ 1− when taken in the χ-dependent parts
of s(χ, λ) and x(χ, λ) make these identical: x(χ, 1−) = s(χ, 1−). This means that
the curve becomes a straight horizontal line.
Finally we have Case 5. Here λ < 1 and θ0 = pi so (λ− cos θ0) = (λ+ 1). Let,
η = −2 arctanh
(√
1− λ
1 + λ
sin θ
1− cos θ
)
, (53)
with range −∞ < η <∞. Then
t(η, λ) =
(λ + 1)
(1− λ2)3/2 (−λη + sinh η) , (54)
s(η, λ) =
(λ + 1)2
2(1− λ2)5/2
[
(2λ2 + 1)η − (4λ− cosh η) sinh η] , (55)
x(η, λ) =
(λ + 1)2
2(1− λ2)5/2 {3λη−[ 2(λ
2 + 1)− λ cosh η ]sinh η} , (56)
y(η, λ) = − (λ + 1)
2
2(1− λ2)2 (λ− cosh η)
2
. (57)
For λ = 0 this curve also becomes a the ballistic parabola. For positive values of λ
this trajectory has a loop and it is shown in Fig. 4 for some λ-values.
5 Conclusions
We have presented explicit solutions for the problem of which smooth tracks produce
a normal force of constant magnitude on a particle that slides along the track under
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Figure 3: Plot of a Case 4 trajectories. The lowest (innermost) red curve is the
parabola of free fall corresponding to λ = 0. Above that one the curves correspond
to λ = N/mg = 1/4 (green), λ = 1/2 (brown), λ = 3/4 (blue) and finally the
horizontal straight line (violet) corresponds to λ→ 1.
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Figure 4: Plot of a Case 5 trajectories. The outermost red curve is the parabola
corresponding to N = λ = 0. Inside the parabola there are curves corresponding to
the λ-values 1/4 (green), 1/2 (brown), and 3/4 (blue). The limit λ→ 1 is in Fig. 2.
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the influence of a constant gravitational field in a vertical plane. The obvious
application is to the design of roller coasters. As we hope to have shown, the
problem in itself has many interesting and surprising features. One of them is the
relation to the Kepler problem of planetary motion. Students can learn various
classical techniques of analysis by studying this problem. One notes that a direct
numerical approach cannot reveal the fact that there are five (or four, depending
on the point of view) qualitatively different regions of parameter values, nor the
qualitative features of the corresponding solutions and their limiting behavior.
A Appendix
Explicit results for the integrals in Eqs. (21) - (23), without the constants factors
(λ− cos θ0)k, with k = 1 or 2, in front, i.e.
ti(θ, λ) =
∫ θ
θ0
dθ′
(λ− cos θ′)2 ,
si(θ, λ) =
∫ θ
θ0
dθ′
(λ− cos θ′)3 ,
xi(θ, λ) =
∫ θ
θ0
cos θ′dθ′
(λ− cos θ′)3 ,
are given here. For each of the three integrals there are five cases (25)-(29) and
i = 1, 2, 3, 4, 5 represents the Case number.
One finds:
t1(θ, λ) =
1
(λ2 − 1)
[
2λ√
λ2 − 1 arctan
(√
λ+ 1
λ− 1
sin θ
1 + cos θ
)
+
sin θ
(λ− cos θ)
]
t2(θ, λ) =
1
(λ2 − 1)
[
− 2λ√
λ2 − 1 arctan
(√
λ− 1
λ+ 1
sin θ
1− cos θ
)
+
sin θ
(λ− cos θ)
]
t3(θ) = −1
3
(2− cos θ) sin θ
(1− cos θ)2
t4(θ, λ) =
1
(λ2 − 1)
[
− 2λ√
1− λ2 arctanh
(√
1 + λ
1− λ
sin θ
1 + cos θ
)
+
sin θ
(λ− cos θ)
]
t5(θ, λ) =
1
(λ2 − 1)
[
− 2λ√
1− λ2 arctanh
(√
1− λ
1 + λ
sin θ
1− cos θ
)
+
sin θ
(λ− cos θ)
]
s1(θ, λ) =
1
(λ2 − 1)2
[
2λ2 + 1√
λ2 − 1 arctan
(√
λ+ 1
λ− 1
sin θ
1 + cos θ
)
+
(
4λ2 − 3λ cos θ − 1) sin θ
2 (λ− cos θ)2
]
s2(θ, λ) =
1
(λ2 − 1)2
[
− 2λ
2 + 1√
λ2 − 1 arctan
(√
λ− 1
λ+ 1
sin θ
1− cos θ
)
+
(
4λ2 − 3λ cos θ − 1) sin θ
2 (λ− cos θ)2
]
s3(θ) = − 1
15
(
2 cos θ2 − 6 cos θ + 7) sin θ
(1− cos θ)3
s4(θ, λ) =
1
(λ2 − 1)2
[
− 2λ
2 + 1√
1− λ2 arctanh
(√
1 + λ
1− λ
sin θ
1 + cos θ
)
+
(
4λ2 − 3λ cos θ − 1) sin θ
2 (λ− cos θ)2
]
s5(θ, λ) =
1
(λ2 − 1)2
[
− 2λ
2 + 1√
1− λ2 arctanh
(√
1− λ
1 + λ
sin θ
1− cos θ
)
+
(
4λ2 − 3λ cos θ − 1) sin θ
2 (λ− cos θ)2
]
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x1(θ, λ) =
1
(λ2 − 1)2
[
3λ√
λ2 − 1 arctan
(√
λ+ 1
λ− 1
sin θ
1 + cos θ
)
+
(
(2λ2 + 1)λ− (λ2 + 2) cos θ) sin θ
2 (λ− cos θ)2
]
x2(θ, λ) =
1
(λ2 − 1)2
[
− 3λ√
λ2 − 1 arctan
(√
λ− 1
λ+ 1
sin θ
1− cos θ
)
+
(
(2λ2 + 1)λ− (λ2 + 2) cos θ) sin θ
2 (λ− cos θ)2
]
x3(θ) =
1
5
(
cos θ2 − 3 cos θ + 1) sin θ
(1− cos θ)3
x4(θ, λ) =
1
(λ2 − 1)2
[
− 3λ√
1− λ2 arctanh
(√
1 + λ
1− λ
sin θ
1 + cos θ
)
+
(
(2λ2 + 1)λ− (λ2 + 2) cos θ) sin θ
2 (λ− cos θ)2
]
x5(θ, λ) =
1
(λ2 − 1)2
[
− 3λ√
1− λ2 arctanh
(√
1− λ
1 + λ
sin θ
1− cos θ
)
+
(
(2λ2 + 1)λ− (λ2 + 2) cos θ) sin θ
2 (λ− cos θ)2
]
These complicated expressions simplify considerably after transformation to new
integration variables corresponding to eccentric anomalies as discussed above.
References
[1] Ann-Marie Pendrill. Roller coaster loop shapes. Phys. Ed., 43:517 – 521, 2005.
[2] Rainer Mu¨ller. Roller coasters without differential equations – a Newtonian
approach to constrained motion. Eur. J. Phys., 31:835 – 848, 2010.
[3] Kenjiro T. Miura. A general equation of aesthetic curves and its self-affinity.
Computer-Aided Design & Applications, 3:457 – 464, 2006.
[4] Richard R. Auelmann. Trajectories with constant normal force starting from a
circular orbit. AIAA Journal, 2:561 – 563, 1964.
[5] A. Gonza´lez-Villaneuva, H. N. Nu´n˜ez-Ype´z, and A. N. Salas-Brito. In velocity
space the Kepler orbits are circular. Eur. J. Phys., 17:168 – 171, 1996.
[6] Herbert Goldstein. Classical Mechanics. Addison-Wesley, Reading, Mas-
sachusetts, 2nd edition, 1980.
[7] A. E. Roy. Orbital Motion. Adam Hilger, Bristol, 3rd edition, 1988.
10
